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Abstract

The effect of friction in steady, one-dimensional flow of a real gas in pipes is treated in the paper, with an emphasis on the dense
gas effects. In addition to the well-known fundamental derivative of gas-dynamics I', another derivative, defined as
I't =1+ p(dc/0p),/c, is shown to play a very important role in studying these non-isentropic flows. In both of two characteristic
cases of flow, isothermal and adiabatic one, pressure and density variations along the pipe are not affected by the dense gas effect,
their variations being qualitatively the same as in perfect gas theory. Variations of the temperature and of the Mach number are,
however, severely influenced by the dense gas effect. Perhaps the most important result from the practical point of view is that
isothermal flow in the I'j} < 0 region is choking-free, and that adiabatic flow in the I' < 0 is almost choking-free. Analytic con-
siderations derived in the paper are supported by a number of numerical results for a van der Waals gas. © 2001 Elsevier Science

Inc. All rights reserved.
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1. Introduction

Although most flow phenomena in gas-dynamics can be
accurately enough characterized by using the model of a per-
fect gas, there are several phenomena of great practical im-
portance which require some refined gas models for their
description. Such flow phenomena usually take place in the
vicinity of the saturated vapor line, in the single-phase regime
of flow, and are governed by one of the several equations of
state existing in the literature, like van der Waals, Redlich—
Kwong, Martin-Hou equations of state, and others. Among
them gases for which the quantity:

P (e
F*”c(ap); (1)

may attain negative values constitute a very important class of
fluids which under certain conditions exhibit very unexpected
and peculiar behavior in that the most flow properties of
perfect gases are inverted. Such a behavior is shown to be in-
herent in both isentropic and non-isentropic flows, and the
most striking examples are the non-monotone variation of the
Mach number with density in isentropic nozzle flow, and the
appearance of expansion shocks, the partial disintegration of
both compression and expansion shocks, shock splitting, etc.,
in non-isentropic flow. That is why the quantity I is given the
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name fundamental derivative of gas-dynamics (see Thompson,
1971), while the gases with I' < 0 behavior are given several
names in the literature, like: Bethe-Zel’dovich-Thompson
(BZT) fluids, fluids with negative non-linearity, and dense
gases.

Given a concrete equation of state, I' can readily be eval-
uated from its definition (1). For a perfect gas I is positive and
equal (y +1)/2 = const., while for real gases it is in general a
function of two arbitrarily chosen state variables. Calculations
performed in the (p, V) plane show that I' < 0 behavior can be
exhibited by gases which are characterized by relatively high
values of the ratio ciff/R only, typical minimum value of this
ratio being about 17 for a van der Waals gas. So high values of
this ratio are expected to be observed in gases of relatively
complex molecular structure, and, indeed, calculations with
most hydrocarbons and fluorocarbons performed by using
several equations of state, s. Lambrakis and Thompson (1972)
and Cramer (1989), clearly show the existence of a I' < 0 re-
gion in the (p, V) plane for these gases. This region is a tongue-
shaped one and extends over a general neighborhood of the
saturated vapor line at pressures and temperatures of the order
of their critical values.

As far as the non-isentropic flows of dense gases are con-
cerned, the most of the literature until now has been addressed
to the study of shocks (see for e.g., Thompson and Lambrakis,
1973; Cramer and Sen, 1986). However, the other non-isen-
tropic flows, like those influenced by the friction and/or the
heat exchanged with the environment, are not less important
from the practical point of view. Several engineering problems
which include the flow of a real gas in the dense gas regime,
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Notation

c speed of sound

Cp constant pressure specific heat

cy constant volume specific heat

Cvo constant volume specific heat at zero density

cif)) constant volume specific heat at zero density and
critical temperature

D pipe diameter

e internal energy

M Mach number

D pressure

Dr reduced pressure

oq heat exchanged with environment on the dis-
tance dx along the pipe

R gas constant

K entropy

T temperature

T, critical temperature

T; reduced temperature

v fluid velocity

V' =1/p specific volume

X coordinate in the direction of flow
Greeks

y ratio of specific heats
r,r, fundamental derivatives
A friction coefficients

o density

De critical density

like the transport in relatively long pipe lines, chemical trans-
port and processing, flow in some parts of power systems
equipment, etc. belong to such non-isentropic flows. Accord-
ing to our knowledge, only adiabatic (Fanno) flow of dense
gases in long straight pipes has been touched upon in the lit-
erature until now. A purely qualitative analysis of this flow is
given in Thompson (1971), emphasizing the role of the I' < 0
regime in Fanno flow.

In this paper, we analyze compressible steady flow of a real
gas in straight pipes affected by friction into more details, with
the emphasis on the dense gas effect. In addition to adiabatic
flow we treat isothermal flow too, and show that another de-
rivative, denoted in the paper by I'; and defined as:

P (e
Fl_1+c(aP)T ?)

also plays an important role in studying the effect of friction on
the flow of dense gases in pipes. For a perfect gas I'y = 1. We
support our analysis with the number of numerical examples,
based on the employment of the van der Waals equation.

2. Problem statement and the governing equations

We consider the problem shown in Fig. 1 in which a real gas
flows in the direction of x through a long straight constant-
area circular pipe of the diameter D. The flow is supposed to be
steady and one-dimensional, and affected by the friction and/
or the heat exchanged with the environment. Equations gov-
erning such a flow are, as usual, a general equation of state
written in the form: p = p(p,T), continuity equation, mo-
mentum equation and energy equation (First Law of thermo-

p! ! lpwt’p
P |p+dp
—— | — -
v | Ly+dv
” 7

Fig. 1. Real gas flow in a straight pipe.

dynamics). Written in the differential form they read,
respectively:

op op
_ (£ — | = T =
- (g5) 90= (&) o7 =0

dp dv:O7
dp ) Adx 3)
@ e
p+vdv+2Dv 0,
)4 Adx , _
def;dpfﬁv —0q =0.

As well-known (see Moran and Shapiro, 1992), some of the
general thermodynamics relations, used here, are:

pT(%OJdm @

P@p dp
cvzcva/ (—) —, 5
o1 [ (o) (5)

where ¢, = ¢y(p, T) and ¢y = ¢yo(T). Several empirical for-
mulas for ¢,y are recommended in the literature. Here we will
employ the simplest one which accurately enough describes the
variation of ¢y in the vicinity of the critical temperature T,
stated in Thompson and Lambrakis (1973):

o T n
co=<i(7) (©

with n = 0.75 for most hydrocarbons and n ~ 0.45 for most
fluorocarbons. Also, we will be using the following definitions/
expressions for the speed of sound:

op op T (op 2 op
(8- B,
), \op), ap\or), "3 ), ()

where y = ¢,(p, T)/cy(p, T) is the ratio of specific heats, and:

T (3p/3T),
p? (Op/op);

In order to reveal the possible role of the Mach number M in
the problem considered, we will now eliminate the velocity v
from the system (3) by its relation to M: v = Mc, introduce
derivatives I' and I'; defined by (1) and (2), respectively, and
employ (4) and (7). We will get:

1
de:c\,dTJr—2
p

Cp =Cy +

(®)
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2
dp—Sdp— <a—”) dT =0,
v »

or
Fldp+CVTp2(arp;al;')pdT+AZdM_o,
dp+M2c2(r1—1)dp+M“‘VT” (e;/a;l) dr )
+ pMP* dM = —pM? 22(1'1;‘
¢, dT — (%) dpzéq—ﬁ-Mzcz%.

Before we start analyzing the effect of friction in isothermal
and adiabatic flow in pipes, we will pay some attention to the
sign of the derivative I';. We will show that, like I', I'; also
changes sign in a general neighborhood of the saturated vapor
line, provided cif)) /R is large enough. For that purpose, we will
use the model of a van der Waals gas which was shown to be
the most favorable one for the dense gas effects to become
apparent (see Thompson and Lambrakis, 1973). The equation
of state for a van der Waals gas is well known:

RTp )
= —a
1= bp I

where a = 9RT./8p, and b = 1/3p.. For such a gas:

RT R
e l+—>72a, ¢y = cv(T),
(1—bp)2< cy P 0()
1
N=1= [1+ (3bp—1)]

In Fig. 2 we plot I'y = 0 lines, together with I' = 0 lines, in a
non-dimensional (p, V) diagram in which p,, ¥, and T, repre-
sent the corresponding values of reduced state variables, for
three different values of cf,o /R and n =0.5, see (6). Inside the
tongue-shaped region I'; is negative, and this fact will play an
important role in studying the isothermal flow case.
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L ¢,”/R =100

¢, “/R=50

. \\
06 -+H— . \ .
05 15 25

ro

Fig. 2. I'=0and I'l =0 lines in (p;, /;) diagram for a van der Waals
gas.

Also we will evaluate the difference I' — I'} present in (9),
for a van der Waals gas:
RT R
S — [1 ra-nk }
2¢%¢yo(1 — bp) Cvo

We will note in passing that as long as 0 < n< 1, as for most
real gases, I'—I'y >0, and that for c /R—»oo Ir—rT,,
which is clearly indicated in Fig. 2.

r-r, =

3. Isothermal flow

In the isothermal flow case d7 = 0, the energy equation in
(9) becomes uncoupled from the others and serves for the
determination of the heat dq which is spontaneously ex-
changed with the environment in this case. From the first three
equations, we may readily get the following relations suitable
for a qualitative analysis of flow:
2dp _ ypM> 2D dp_ pM.

Jodx  yM2—17 A dx  yM2-1’

A odx M2 —1" M dx  p dx’

(10)

As in the classical case of a perfect gas flow (see Shapiro,
1953), p and p decrease in the direction of flow if M < 1/,/7
(“subsonic” flow), and increase if M > 1/,/y (“supersonic”
flow). However, the behavior of the Mach number is remi-
niscent of the one in perfect gas theory (M always tends to the
value of 1/,/7 far downstream) in the region I'; > 0 only. In
the dense gas region I’y <0 Mach number decreases in a
subsonic flow, and increases in a supersonic one, thus showing
a non-monotone variation with the density, as in the case of a
dense gas isentropic nozzle flow (see Cramer and Best, 1991).
This is clearly seen from the fourth of relations (10). Of course
7 is not a constant in real gas flows. For a van der Waals gas it
can be readily evaluated from (5) and (8):

R*T

= +cv [RT— 2ap(1 — bp)z} .

It seems at the first sight that for c(c) /R large enough, y will be
very close to 1 throughout. However, by approaching the
critical point in a (p, ) diagram along the critical isotherm y
tends to infinity and experiences very large variations just as in
the I'y < 0 region. These variations are such that y increases/
decreases when p increases/decreases. Consequently, M and
1/,/7 variations along the pipe in the dense gas regime of flow
diverge in both subsonic and supersonic flow, and the possible
cross-section of the pipe in which M =1/,/7 is not existent.
Thus, choking of an isothermal flow in the pipe in the dense
gas regime of flow cannot occur and the mass flow rate
through the pipe in this case of flow is not limited. In a su-
personic flow there is a tendency toward condensation down-
stream.

These statements will now be illustrated on a couple of
numerical examples. For the need of numerical integration of
the system of equations (9) they were first written in non-di-
mensional form by introducing reduced values of state vari-
ables, and were subsequently integrated by the fourth order
Runge-Kutta method. At that, the friction coefficient 1 was
assumed constant. In Fig. 3, variations of Mach number and
reduced pressure along the pipe in isothermal subsonic flow are
plotted. The values of state variables at the entrance of the pipe
were chosen in the I'y < 0 region, and the integration was
performed up to the critical cross-section of the pipe in the
I'y > 0 region, in which choking occurs. Noteworthy is a sharp
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Fig. 3. (a) Mach number variation along the pipe in an isothermal
subsonic flow. (b) Reduced pressure variation along the pipe in an
isothermal subsonic flow.

dependence of the critical length of the pipe on the initial value
of the Mach number. In Fig. 4, variations of the same quan-
tities are plotted for a supersonic flow. Initial values of the
Mach number are chosen to be high enough, so that choking
does not happen in the I} > 0 region, and the integration was
performed up to the saturation curve.

Finally, we will conclude our discussion of isothermal flow
case with an analysis of the direction in which the heat is ex-
changed with the environment. By the help of (7) and (10) the
energy equation in (9) can be written as:

op T (op 1
sg=— (L) +2(2) ——
= [<©p>r+p(@T),,vM2—l

Since both partial derivatives in the bracket are always pos-
itive, obviously a supersonic flow is heat releasing, as in the
case of a perfect gas (see Shapiro, 1953). However, the sign of
dg in a subsonic flow cannot be easily revealed from (11).
Careful examination of van der Waals gas shows that ¢ may
switch between positive and negative values in this case. As a
rule, low Mach number, high temperature and high density
flows are heat releasing, in contrast to perfect gas theory,
while the other subsonic flows are heat absorbing. The former
conclusion can be inferred from (11) in the following way. At
high temperatures and densities isotherms are very steep in
the (p, V) diagram, so that the first term in the bracket may
prevail over the second one, provided the Mach number is
low enough.

Note that all conclusions concerned with Jq represent
general properties of a van der Waals gas and are not specif-
ically related to the previously discussed dense gas effect.
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Fig. 4. (a) Mach number variation along the pipe in an isothermal
supersonic flow. (b) Reduced pressure variation along the pipe in an
isothermal supersonic flow.

4. Fanno flow

In adiabatic flow case d¢ = 0. Then the following relations
suitable for a qualitative analysis of density, pressure, tem-
perature and Mach number variations along the pipe can be
derived from (9):

20dp M {1 1 (a_p)'
14

Jodx T 1-M? pey

2Ddp _ pM3 {1 MZ(ap)'
P

Jdx 1-M? pey \OT
20dT  MP(pMP - 1) Kip)
T

Jodx o o (1-M2) [\ 9p
LTy 1] (12)
p\OT ) ,yM?> =1

2DdM r 1 (dp
zdx—M{l_Mz[”pcv(ar)p]

pc®> I —T,
T (9p/07),

Thus, as in a perfect gas flow (see Shapiro, 1953), density and
pressure decrease in a subsonic flow and increase in a super-
sonic one. The temperature also increases in a supersonic flow,
while it decreases for 1/,/y <M < 1. For other subsonic flows
the temperature variations cannot be easily deduced from (12).
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Interestingly enough, the third expression of (12) can be, by
use of (11), written in the form:

yM? -1

@7 ="T "0

dq

T=const.

Since 0¢|7_yons. < 0 for low Mach number, high temperature
and high density flow, as deduced earlier, the temperature will
increase in such a flow, which is in contrast with perfect gas
theory.

It is to be noted that the dense gas effects expressed by
means of the derivatives I" and I'; are present purely in the
fourth of expression (12), and consequently they affect the
Mach number variation only, exactly as in isothermal flow
case. Since in addition to the partial derivatives present in this
expression, I' — I is also always positive, as shown earlier, we
can deduce the following. If I" and 1 — M? are of the different
sign (I' >0 and M >1 or I' <0 and M < 1) Mach number
decreases in the direction of flow. Thus, a supersonic flow will
be exposed to choking in the I' > 0 region, as in the perfect gas
theory (see Shapiro, 1953), while a subsonic flow will not ex-
perience choking in the I' < 0 region. As for the other cases of
interest, we can only generally discuss a transonic flow in
which the first term on the right of the fourth expression of
(12), if it is positive, is expected to prevail over the second one.
Thus, in the large Mach number subsonic flow Mach number
will increase in the I' > 0 region (choking!), exactly as in the
small Mach number supersonic flow in the I < 0 region (no
choking!). These and other conclusions made will be confirmed
by numerical examples which follow and which will also pro-
vide some more information about the properties of Fanno

flow.
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Fig. 5. (a) Mach number variation along the pipe in an adiabatic
subsonic flow. (b) Reduced pressure and reduced temperature varia-
tions along the pipe in an adiabatic subsonic flow.

In Fig. 5, we plot Mach number variations, and pressure
and temperature variations along the pipe in a subsonic Fanno
flow. It is seen that, for the same initial values of M and p; as in
the corresponding isothermal flow case (see Fig. 3), these
variations proceed very similarly. Critical lengths of the pipe
are a little longer than in isothermal flow. Mach number
variations in a supersonic flow, plotted in Fig. 6(a), are how-
ever considerably different form their counterparts in isother-
mal flow (see Fig. 4(a)). For the initial Mach number M, = 1.3
choking occurs in the I' > 0 region over a relatively small
distance along the pipe. For M, = 1.4 and M, = 1.5 choking
does not take place in the I' > 0. In the I' < 0 region, Mach
number increases. Pressure and temperature increase too, so
that the process does not terminate on the saturation curve. It
continues on the left of the tongue-shaped I' < 0 region in the
(p, V) plane, where the choking occurs before it reaches the
shock-condensation curve. In these two cases, critical lengths
of the pipe are considerably shifted downstream.

Considering the Mach number variations in Figs. 5(a) and
6(a) one may conclude that the extremum values of M lie ex-
actly on the I' =0 line. This is only approximately true for
very large values of cif)) /R for which the second term in the
bracket on the right-hand side of the fourth expression in (12)
is negligibly small. In general, however, for I' = 0,dM /dx is
negative, because I' — I'y > 0, as shown already. This conclu-
sion contradicts Thompson’s (1971) argument that “if I' > 0,
the effect of friction is to drive the Mach number toward unity;
if I' <0, the effect of friction is to drive the Mach number
away from unity”. To confirm that, we choose a moderately
high value for cif)) /R of 20 and plot the Mach number variation
along the pipe for a subsonic and a supersonic flow in Fig. 7.
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Fig. 6. (a) Mach number variation along the pipe in an adiabatic su-
personic flow. (b) Reduced pressure and reduced temperature varia-
tions along the pipe in an adiabatic supersonic flow.
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Fig. 7. (a) Mach number variation along the pipe in the vicinity of
I' = 0 point in an adiabatic subsonic flow for c&f /R = 20. (b) Mach
number variation along the pipe in the vicinity of I' = 0 point in an
adiabatic supersonic flow for csf)) /R =20.

Clearly, Mach number attains its minimum value in the I > 0
region in the subsonic flow, while this value is located in the
I' <0 region in the supersonic flow. Thus, contrary to
Thompson’s (1971) prediction, there exists a region I" > 0,
adjacent to I' = 0 line, in which the Mach number in a sub-
sonic flow is driven away from unity. Also, there exists a region
I' < 0, adjacent to I' = 0 line, in which the Mach number in a
supersonic flow is driven toward unity. Obviously, in the latter
case of flow choking may occur in the I' < 0 region, while in
the former one choking-free area is extended beyond the I' < 0
region. When considering possible practical implications of
this effect, however, one should have in mind that the effect is
pronounced only for lowest possible values of cif)) /R for which
the dense gas effect is still apparent. Therefore, it may have
only a purely theoretical value.

5. Conclusions

It is shown in the paper that, not only some isentropic flows
and non-isentropic flows with the presence of shocks, which

has been well-known for some time, but also non-isentropic
flows in pipes, affected with friction and/or with heat ex-
changed with the environment, exhibit unexpected and pecu-
liar behavior in a general neighborhood of the saturated vapor
line in the (p, V) plane, provided the ratio cf,f))/R is high en-
ough. In order to describe this behavior qualitatively as well as
quantitatively we introduce, in addition to the well-known
fundamental derivative I', another derivative of some funda-
mental importance, denoted here by I';, which plays an im-
portant role in studying both isothermal and adiabatic flow of
dense gases. As I', I'; also changes sign (and becomes nega-
tive) in a tongue-shaped region in the neighborhood of the
saturated vapor line, thus affecting qualitatively the behavior
of flow, in particular the isothermal one.

We show that in both subsonic and supersonic flow pres-
sure and density variations along the pipe are not affected by
the dense gas effect, their variations being qualitatively iden-
tical to those observed in perfect gas theory. Temperature and
Mach number variations are, however, severely affected.
Qualitative estimations made in the paper are confirmed on a
number of numerical examples for a van der Waals gas. From
the practical point of view, the most important results are
concerned with the phenomenon of choking. It turns out that
choking of an isothermal flow cannot happen in the I'y < 0
region, and that adiabatic flow is almost choking-free in the
I' < 0 region. Namely, our analysis reveals that only super-
sonic adiabatic flow for lowest possible values of the ratio
c%) /R for which the dense gas effect is still apparent may ex-
perience choking in the I < 0 region — the result that may be,
therefore, of some theoretical value only, but it contradicts the
Thompson (1971) analysis. Hence, in both isothermal and
adiabatic flow in pipes the possible choking, if it is not fully
avoidable, can be considerably postponed, and the critical
length of the pipe increased if the flow process passes through
I't <0and I' <0, respectively.
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